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ABSTRACT 

Based on a conventional seismic hazard analysis, it is possible to estimate the annual probability of exceedance of a given 

ground motion parameter. Commonly it is used the spectral acceleration corresponding to the fundamental structural period 

Sa(T1), which is the ground motion intensity measure (IM) most used for probabilistic seismic hazard analysis (PSHA).  

However, Sa(T1) has some limitations because it does not consider the effect of the elongation of the vibration period of a 

structure due to non-linear structural behavior or to mechanical properties degradation. Consequently, advanced seismic IMs 

have been proposed with the aim to correct the inconveniences of traditional IMs. The primary objective of the present study 

is to perform a PSHA with a new ground motion IM called INp, which is based on Sa(T1) and a parameter that characterizes the 

spectral shape. For this aim, it is required to have correlation coefficients between spectral acceleration values at multiple 

periods. Seismic records from interplate events, registered in the firm ground of Mexico City are employed to compute the 

correlation coefficients. Using attenuation models, correlation coefficients and the methodology introduced in the present paper, 

it is possible to describe the complete distribution of the logarithm of INp; with this, PSHA is carried out. The results are 

presented by means uniform hazard spectra (UHS) of INp, and are compared with their corresponding Sa(T1) UHS. For firm 

ground there is not significantly different between both spectra; however, for the case of soft soil, there is an amplification of 

the order up to 25% in the spectral INP UHS ordinates with respect to those corresponding to Sa(T1). 

Keywords: probabilistic seismic hazard analysis; ground-motion intensity measure; spectral correlation coefficients; 

degradation of structures.       

INTRODUCTION 

One of the primary objectives in earthquake engineering is to define the intensity of an expected seismic excitation; however, 

due to the uncertainty associated with the number, location and magnitude of future ground motions; the problem has been 

addressed through a probabilistic seismic hazard analysis (PSHA). A conventional PSHA estimates the mean annual rate of 

exceedance of a given seismic parameter; commonly it is used the spectral acceleration measured at the fundamental period of 

a structure Sa(T1). However, this ground motion intensity measure (IM) has some limitations, because it does not consider the 

period shift effect of a structure resulting from its non-linear behavior. Some researchers suggest using vector-valued ground 

motion IMs, which more accurate evaluations of seismic performance are achieved by including two or more parameters 

representative of the seismic event. For example, the ground motion IM <Sa(T1), RT1,T2>, derived from the scalar IM proposed 

by Cordova et al. [1], where RT1,T2, is the ratio between the spectral acceleration at period T1 and a longer period T2. Baker and 

Cornell [2] developed the IM <Sa(T1), ɛ>, where the parameter ɛ, is the number of standard deviations between the actual 

spectral acceleration and that calculated with an attenuation function. Similarly, Tothong and Luco [3] presented two intensity 

measurements based on the inelastic spectral displacement for structures dominated by their first mode of vibration and for 

structures sensitive to their higher modes. Bojórquez and Iervolino [4] developed the intensity measure <Sa(T1), Np>, where 

Np is a parameter proxy for the spectral shape, showing that this measure exhibits an improvement in predicting the seismic 

response in comparison with other IMs. However, a PSHA with vector-valued IMs is complicated and impractical. 

Consequently, Bojórquez and Iervolino [5] and Bojórquez et al. [6] proposed an advanced scalar IM based in Sa(T1) and Np, 

called INp. In addition, Buratti [7] carried out an exhaustive comparison of the most important IMs available in the literature in 

terms of efficiency and sufficiency, concluding that the most effective intensity measure is INp. Additionally, it has been 

demonstrated that IMs resulting from the combination of Sa(T1) and Np predicts efficiently the maximum interstory drift, which 
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is one of the most used parameters by seismic design codes to provide a suitable structural performance of earthquake-resisting 

structures. 

Furthermore, the applicability of currently available ground motion attenuation models (GMMs) can be extended if the 

correlation between spectral acceleration values at multiple periods or orientations is known. The knowledge of these 

correlation coefficients is essential to perform more accurate and sophisticated PSHA, such as analysis with vector-valued IMs 

[8] or advanced scalar IMs. Recently, the advantages of the so-called conditional mean spectrum have been investigated, it is 

argued as a useful tool for ground-motion selection as input to dynamic analysis [9], and the correlation coefficients have a 

fundamental role in the determination of that spectrum. Inoue and Cornell [10] developed an equation to predict the correlation 

between spectral velocity values at different periods, with the objective of quantifying the damage in systems of multiple degree 

of freedom systems through an equivalent single degree of freedom system. On the other hand, Cordova et al. [1] presented a 

methodology to evaluate the seismic collapse performance of frame structures. The procedure included an IM that combines 

the Sa(T1) and a parameter which try to account for structural “softening”; for this, it was necessary correlate spectral 

acceleration values at two periods, and the equation proposed by Inoue and Cornell was applied. In addition, Baker and Cornell 

[11] using ground motions recorded in California, developed approximate analytical equations to predict the correlation 

between spectral acceleration values for a ground motion component at two different periods. Baker and Jayaram [12] using 

the GMMs derived from the NGA project, presented new refined and complex equations to predict the correlation between 

spectral acceleration values at two vibration periods. Jayaram and Baker [13] investigated whether the model proposed by 

themselves in 2008 was appropriate to predict the correlations obtained using Japanese ground motions records. They observed 

differences in the expected correlation values, attributing it to the dependence of the characteristics of the faulting mechanisms 

and source-to-site distance; therefore, selecting expressions from seismic source areas with a particular style of faulting may 

not apply to the interest area. For example, Cimellaro [14] adapted two models proposed by other researchers with a European 

ground-motion database; however, these models did not adequately predict the correlation values for that particular area. 

Motivated by the need to carry out seismic hazard analysis with advanced IMs, a PSHA is determined at some sites of firm soil 

and soft soil of the valley of Mexico using INp. For this purpose, GMMs derived with available data recorded at accelerometer 

stations installed in CU (Ciudad Universitaria) were used; those stations are located within the hill zone area (firm soil) of the 

valley of México. Additionally, given the necessity to account for the correlation between spectral acceleration values at 

different periods, interplate earthquakes recorded in station CU were compiled; subsequently, the correlation coefficients were 

obtained from the residuals of the spectral acceleration between a real response spectrum and a calculated one, using its 

corresponding attenuation function. Afterwards, based on the nonlinear least squares method, approximate analytical equations 

were proposed to predict the correlation between the logarithms of spectral accelerations at two vibration periods, for interplate 

events. Finally, with the attenuation models, correlation coefficients and a methodology presented in the present paper, the 

complete distribution of the logarithm of INp can be described; with this, PSHA is carried out (as is done for a scalar value of 

Sa(T1)). The results are presented through hazard curves and uniform hazard spectra (UHS) of INp, and these are compared with 

their respective Sa(T1) UHS. 

Methodology to perform a PSHA using INp 

GMMs are overriding in the PSHA; therefore, it is crucial to have attenuation models that predict the ground motion parameter 

intended to define the characteristics of future earthquakes. Unfortunately, an attenuation model has not yet devised to provide 

INp as a function of the vibration period, as it is done with existing attenuation models; however, with tools currently available 

for other ground motion IMs, it is possible to perform a PSHA with the ground motion intensity measure INp, which is defined 

as follows: 
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where INp is the scalar intensity measure, α is a parameter that should be calibrated according to the structure and the earthquake 

demand parameter selected (in this study a value α=0.5 is adopted, as suggested in reference [7]), and Saavg is the geometric 

mean of the spectral acceleration in a given range of periods; it is expressed as: 
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Substituting Eq. (2) and Eq. (3) in Eq. (1) and applying the natural logarithm, it results: 
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Then, the expected value and the variance of the ln(INp) in Eq. (4) can be expressed as in Eq. (5) and Eq. (6), respectively. 
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The ln[Sa(Ti)] terms in the above equations are obtained from existing attenuation models, and because the ln[Sa(Ti)] terms are 

commonly assumed with a joint normal distribution, consequently, the summation has also a normal distribution. Therefore, 

the variance Var{ln[Saavg(T1…TN)]} and the correlation coefficient ρln[Saavg(T1…TN),ln[Sa(t1)] can be obtained by Eqs. (7) and (8), 

respectively: 
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where ρln[Sa(Ti)], ln[Sa(Tj)] is the correlation between spectral acceleration values at periods Ti and Tj. The correlations have a key 

role to perform probabilistic seismic hazard analyses with vector-valued and advanced scalar intensity measures, among other 

applications. Thus, it has been proposed an attenuation model for INp, and all the equations above are enough to describe the 

complete distribution of INp. The only issue that concerns is to have the correlation coefficients between spectral acceleration 

values. In the following sections, it is explained how those correlations are obtained, in addition, predictive mathematical 

expressions are presented, corresponding to interplate seismic events.  

Determination of correlation coefficients  

First, to obtain ρln[Sa(Ti)], ln[Sa(Tj)]  it is required to have a reliable ground motion database of the area of interest. Here, we use 

exclusively ground motions from interplate events recorded at the accelerometer stations in CU, which are located within the 

hill zone area (firm ground). To adequately describe the determination of the correlation functions, it is useful to note that an 

attenuation function has the following form: 

)()(),,,()(ln lnln TTTRMTSa SaSa                                                              (9)                                                                                                                    

where ),,,(ln TRMSa   and )(ln TSa  are the predicted mean and the standard deviation of the natural logarithm of spectral 

acceleration at a specified period (T) given by the attenuation model, as a function of earthquake magnitude (M), source-to-

site distance (R) and other parameters, (θ). Rearranging Ec. (9) for ε(T), it results: 
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where ε(T) represents the number of standard deviations by which the actual logarithmic spectral acceleration differs from the 

predicted mean value ),,,(ln TRMSa  . For a given ground motion with known values of Sa(T), M, R, etc., ε(T) is also a known 

value. The values of ε(T) at different periods are probabilistically correlated. For instance, if a recorded spectral acceleration 

is greater than the expected value (i.e., ε(T) larger than 0) at a specified vibration period, then it is likely to be also greater than 

that expected at adjacent periods [14]. This relation can be characterized through correlation coefficients between ε’s, as a 

function of two periods of interest. 
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The correlation coefficient between two sets of observed ε values can be estimated using the Pearson correlation coefficient, 

which estimates the correlation coefficient between ε(T1) and ε(T2) as follows:  
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where εi(T1) and εi(T2) are the ith observations of ε(T1) and ε(T2); ε(T1) and ε(T2) are the average value of the set, and n is the 

number of records. This calculation is repeated for each pair of periods of interest. The resulting correlations can be tabulated, 

and use them when are needed, however, it would be complicated due to the number of values that the possible table would 

have, for this reason, here analytical predictive mathematical expressions are fitted to the correlation coefficients. 

Observed correlations and predictive equations 

The correlation coefficients obtained from the Reyes et al. [15] model, for a selection of a pair of periods, are shown in Fig. 

1a. Meanwhile, Fig. 2a shows the same results; these are plotted using the correlation coefficients contours as a function of 

both T1 and T2. 

 

 

  

 

                     

  

  

Figure 1. Plots of correlation coefficients versus T1, for several T2 values. 

 

 

 

 

 

 

 

 

Figure 2. Contours of correlation coefficients versus T1 and T2. 

Finally, the predictive equation is the following: 

(12) 

 

where Tmin=min(T1,T2) and Tmax=max(T1,T2);  the numerical coefficients a, b, c, d, e and f are in Table 1. These equations are 

valid when T1 and T2 are between 0.1s and 5.0s. The form of the equations has no physical meaning; it is just a fit to the 

observed data; therefore, they should not be extrapolated to other conditions. Fig. 3a and Fig. 3b show the correlation 

coefficients achieved with the predictive equation.   
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Table 1. Predictive equation to determine correlations.  

Restriction a b c d e f 

Tmin < 0.2s 0.9881 0.3988 0.0126 0.0921 0.3126 -0.0275 

Tmin≤1.5s and Tmin > 0.3s and Tmax ≥1.6s 1.0494 0.8771 -0.1968 0.9700 -0.1667 0.1694 

Tmin=0.1 or Tmin≤ 0.3s and Tmax>1.1s 1.2438 -0.7038 -0.1415 0.5173 -0.0920 0.0813 

       

 

 

 

 

 

 

 

 

 

Figure 3. (a) Correlation coefficients versus T1, for several T2 values and (b) Contours of correlation coefficients versus T1 

and T2, using equation 1.  

Application of the predictive equations using INp 

Currently, the design spectra available in earthquake-resistant design codes around the world are established, among other 

things, using uniform hazard spectra (UHSs). However, they do not take into account the cumulative plastic demands or the 

particularities of the hysteretic cycles when a structure undergoes to non-linear behavior. Therefore, in this study, UHSs were 

computed regarding INp and Sa(T1), for two zones located on the firm ground and soft soil of Mexico City, named as zone A 

and zone B, respectively. The PSHA was carried out employing a specific seismic regionalization for small, moderate and 

characteristics seismic events (Mw > 7).  

Uniform hazard spectrum for hard soil  

In first place, the uniform hazard spectrum for the CU station is obtained, which will serve as a reference to proceed with a 

technique based on response spectral ratios to estimate the UHS in a particular soft soil zone of Mexico City. The technique is 

described in the next section. Fig. 4a and Fig. 4b show the UHSs in terms of Sa(T1) and INp for CU station; which has a dominant 

soil period between 0.2 and 0.3s. In Fig. 4a, the UHSs are presented in such a way that only interplate or, alternatively, intraslab 

earthquakes could occur. On the other hand, Fig. 4b shows the total Sa(T1) and INp UHSs (considering both types of events). It 

is observed in Fig. 4b that both spectra Sa(T1) and INp are quite similar, practically, they reach the same acceleration levels, and 

visible differences occur for long periods.  

 

 

 

 

 

 

 

Figure 4. (a) Sa(T1) uniform hazard spectra for CU station (interplate and intraslab events) and (b) Sa(T1) and INp uniform 

hazard spectra for CU station. 

Uniform hazard spectrum for soft soil  

In this section, the procedure used to estimate the UHSs for soft soil is briefly described. Through a probabilistic hazard analysis 

is possible to evaluate ground motion hazard curves associated with different periods, and then to generate an UHS. This is the 
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way the UHSs above were computed, and it was possible because GMMs for CU station were available. Nevertheless, when 

there is not GMMs available for the site of interest, a conventional PSHA cannot be performed. Hence, Esteva [16] (Eq. (13)) 

presented a formulation in which through a known hazard curve at a given site it is possible to estimate a hazard curve in 

another, as long as there are enough seismic events recorded simultaneously at both the reference site and the recipient site. 

The above is achievable by coupling this formulation with the response spectral ratios (RSR), which are the ratios between 

acceleration response spectra corresponding to soft soil and firm ground the ratios represent approximately the spectral 

amplification in soft soil with respect to firm ground. Here, the CU station is considered as the reference site. Finally, through 

the hazard curves from CU and the response spectral ratios in terms of Sa(T1) and INp, the UHSs from different accelerometer 

stations are estimated as follows [16]:  
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where: 

νY(y) is the mean annual rate of exceedance of a seismic IM from the recipient site. 

νx(y/z) is the mean annual rate of exceedance of a seismic IM from the reference site divided by the variable z.  

z is the acceleration response spectral ratio (Y/X). 

fz(z) is the probability density function of the aleatory variable z. 

Fig. 5a and Fig. 5b show the uniform hazard spectra of Sa(T1) and INp, for firm ground and soft soil, respectively. It is observed 

that the spectral ordinates of the UHS for hard soil have comparable acceleration values for both seismic IM: Sa(T1) and INp. 

However, it is noticed that for soft soil, the spectral ordinates corresponding to the INp uniform hazard spectrum are higher than 

the Sa(T1) UHS for vibration structural periods smaller than the dominant period at the site. On the contrary, lower acceleration 

values are reached for structural periods higher than the dominant soil period. 

  

 

 

 

 

 

 

Figure 5. Uniform hazard spectra (250-year return period) for: (a) FJ74 (firm ground) and (b) for SCT (soft soil). 

CONCLUSIONS 

A mathematical expression to predict the correlation coefficients between spectral acceleration values at multiple periods 

corresponding to interplate earthquakes occurring in Mexico was proposed. The equation may have applications related to 

hazard analysis. Here, a PSHA was performed for two sites of Mexico City, using a new ground motion intensity measure 

called INp. Additionally, the UHSs corresponding to the sites located on firm ground and soft soil were computed in terms of 

INp and Sa(T1). It was observed that the maximum values of spectral amplification of the of INp UHS with respect to the Sa(T1) 

UHS  occur for structures with vibration periods shorter than the dominant soil period. However, for structural periods larger 

than the dominant period, the structural softening produces a beneficial effect (because the lateral strength requirements are 

lower than those for a structure that does not take into account the period elongation). This benefit is not the same for all type 

of soils; it depends on the bandwidth of the ground motions; for this reason, new mathematical expressions associated with 

different kinds of soil are being obtained. 
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